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Abstract
This is a review of concepts of noncommutative supergeometry - namely Hilbert super-
space, C*-superalgebra, quantum supergroup - and corresponding results. In particular, we
present applications of noncommutative supergeometry in harmonic analysis of Lie super-
groups, non-formal deformation quantization of supermanifolds, quantum field theory on
noncommutative spaces; and we give explicit examples as deformation of flat superspaces,
noncommutative supertori, solvable topological quantum supergroups.
Introduction
Differential supergeometry has its origin [1, 2] in the second half of the 20th century. Its objects
are supermanifolds involving, besides the usual commuting coordinates, also anticommuting
coordinates. The corresponding algebras of functions are then Z2-graded commutative. This
graded point of view is very useful in various domains of mathematics such as differential ge-
ometry, spinor geometry, Clifford algebras, and also in physics for fermionic or supersymmetric
theories, or for the BRST formalism in gauge theories.
Besides, noncommutative geometry is a growing field of mathematics [3] whose essential
principle lies in the duality between spaces and commutative algebras, so that the properties
of spaces can be characterized algebraically. Then, a noncommutative algebra can be seen
as corresponding to some “noncommutative space”. This very rich way of thinking allows
generalizing classical notions and theorems of usual geometry, and it is even possible to prove
some new results for differential geometry in this more general noncommutative framework.
Moreover, noncommutative geometry is the appropriate framework for quantization and also a
challenging tool to build new models in quantum physics. It has in particular deep links with
quantum gravity, quantum Hall effect and string theories [4, 5].
Putting together these two ingredients – supergeometry and noncommutativity – gives rise to
noncommutative supergeometry (NCSG). Noncommutative supergeometry deals with (noncom-
mutative) Z2-graded algebras that correspond to “noncommutative superspaces” in the point
of view of noncommutative geometry described above. It should be the right framework for
fermionic or supersymmetric quantum field theories on noncommutative spacetime, or BRST
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formalism for noncommutative spaces... Early results [6, 7] concerning an application of NCSG
to quantum field theory on the Moyal space also motivated the author to develop this program
of NCSG at a mathematical level as well as to look at physical applications.
Of course, there is already an extensive literature on graded algebras (see e.g. [8]), useful
for NCSG at the algebraic level. Some work in the direction of noncommutative Q-manifolds
was also performed in [9, 10]. However, at the analytic level, NCSG was really initiated in [11]
with the definition of its basic objects: Hilbert superspaces and C*-superalgebras that endow
noncommutative superspaces with topological properties. In this paper, we review these ana-
lytic notions, as well as the corresponding notion of symmetry – quantum supergroup – defined
and studied in the Fre´chet setting [12]. We stress the relevance of this definition of Hilbert
superspace, rather than the standard one, by presenting an extended Stone–von Neumann the-
orem valid in any signature. At the operator algebra level, a universal deformation formula
that extends Rieffel’s deformation quantization to the graded setting is valid in the category of
C*-superalgebras, underlying its relevance. We also look at an application of NCSG to quantum
field theory.
1 Classical supergeometry
In this section, we recall basics of supergeometry (see [1, 2, 13, 14, 15, 16] for the sheaf-theoretic
approach and [17, 18, 19]) for the concrete approach).
A supermanifold M of dimension m|n is the data of a smooth manifold of dimension
m called its body and denoted BM together with a sheaf on BM of Z2-graded commutative
algebras; and this locally ringed space is locally isomorphic to C∞Rm ⊗
∧
Rn. We denote by
C∞(M) the algebra of global sections of the sheaf corresponding to BM . It is a Z2-graded
commutative Fre´chet algebra. The simplest example is the locally ringed space C∞Rm ⊗
∧
Rn
itself, called superspace of dimension m|n and denoted by Rm|n, for which we have
C∞(Rm|n) ' C∞(Rm)⊗
∧
Rn. (1.1)
To obtain explicit expressions, let us fix the canonical basis (ξi)1≤i≤n of Rn. A smooth
superfunction f on the superspace Rm|n, i.e. a section f ∈ C∞(Rm|n), can be decomposed as∑
I
fI(x)ξ
I ,
for any x ∈ Rm = BRm|n, and where the sum is taken on all ordered subsets I of {1, . . . , n}
with ξI :=
∏
i∈I ξ
i = ξi1ξi2 · · · ξik if I = {i1, . . . , ik} (ordered), and ξ∅ = 1 by convention; the
coefficients fI being smooth functions in C∞(Rm).
Owing to the equivalence of this definition with the one of the concrete approach, we will
note in the following that f(x, ξ) =
∑
I fI(x)ξ
I for any (x, ξ) ∈ Rm|n, even if a rigorous definition
of this notation involves functors of points [?]. For any two (ordered) subsets I = {i1, . . . , il}
and J = {j1, . . . , j`} of {1, . . . , n} we define ε(I, J) to be zero if I and J overlap; if I ∩ J = ∅,
we set ε(I, J) to the parity of the list (i1, . . . , ik, j1, . . . , j`), defined as −1 raised to the number
of transpositions needed to put it in increasing order. It satisfies
ε(I, J) = (−1)|I||J |ε(J, I), ε(I, J ∪K) = ε(I, J)ε(I,K) if J ∩K = ∅. (1.2)
As a consequence, we can perform explicit products of superfunctions ξI ·ξJ = ε(I, J)ξI∪J for
I ∩ J = ∅. We recall the Lebesgue–Berezin integration for superfunctions:∫
Rm|n
dxdξ f(x, ξ) :=
∫
Rm
dx f{1,...,n}(x). (1.3)
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2 Philosophy of NCSG
The duality between spaces and commutative algebras is transverse to numerous domains of
Mathematics. At the topological level, the Gelfand–Na¨ımark theorem states that there is a
contravariant correspondence between the category of locally compact Hausdorff spaces and the
one of commutative C*-algebras: X 7→ C(X) = {X → C continuous} defining an equivalence of
categories. Then, the category of noncommutative topological spaces can be defined as the dual
of the category of C*-algebras [3].
Omitting topological conditions and in view of the Z2-graded commutative structure of the
functions C∞(M) on a supermanifold M , we can define noncommutative superspaces as
associated to Z2-graded (noncommutative) algebras. So the difference with noncommutative ge-
ometry is simply a Z2-grading, but we will see that this grading induces important features. This
algebraic definition of noncommutative superspaces is very simple and gives rise to a well-known
object (see for example [8] on graded algebras). Note that geometric objects were considered and
constructed for noncommutative superspaces [7] such as the noncommutative analogues of vector
fields (graded derivations), de Rham forms (bigraded noncommutative differential calculus based
on graded derivations), connections and covariant derivatives (noncommutative ε-connections),
curvatures, gauge transformations... These tools were actually defined for graded algebras with
a more general grading and a bicharacter (like color algebras), opening the subject of noncom-
mutative graded (or color) geometry [7].
However, topological structures like C*-algebras play a crucial role in noncommutative ge-
ometry. For NCSG, we introduced in [11] two topological notions, that of Hilbert superspaces
and of C*-superalgebra that we recall here.
The standard notion of Hilbert superspace [15, 20], also used in [21] consists of the data of
a Z2-graded Hilbert space H = H0 ⊕H1 with hermitian positive definite scalar product (−,−)
and together with an inner product defined by
〈ϕ,ψ〉 := i|ϕ||ψ|(ϕ,ψ). (2.1)
This inner product is of degree 0 and superhermitian, i.e. ∀x, y ∈ H, 〈x, y〉 = (−1)|x||y|〈y, x〉.
The notion of Hilbert superspace presented below is a generalization of the one associated to
(2.1). Indeed, the inner product can be of degree 1 below and the link between 〈−,−〉 is by a
more general operator J , not only J(ψ) = i|ψ|ψ.
Definition 2.1 ([11]) A Hilbert superspace of parity n ∈ Z2 is a complex Z2-graded vector
space H = H+ ⊕H− endowed with a superhermitian (sesquilinear) homogeneous inner product
〈−,−〉 of degree n, such that there exists a fundamental symmetry J of degree n i.e. an
endomorphism J of H satisfying ∀x, y ∈ H,
• J2(x) = (−1)(n+1)|x|x, and 〈J(x), J(y)〉 = 〈x, y〉,
• (x, y)J := 〈x, J(y)〉 defines a hermitian positive definite scalar product on H for which H
is complete. 
The Hilbert topology of a Hilbert superspace H is actually independent of the choice of the
fundamental symmetry J [22], so the space of continuous endomorphisms B(H) is canonically
defined. In parity 1, a Hilbert superspace (H, 〈−,−〉) is a Krein space, while a Hilbert super-
space of parity 0 corresponds to the orthogonal sum of the two Krein spaces (H+, 〈−,−〉) and
(H−, i〈−,−〉). This category of Hilbert superspaces is stable for the direct sum and the tensor
product. The next Example produces Hilbert superspaces in the sense of Definition 2.1 but not
in the sense of (2.1) for n > 0.
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Example 2.2 ([11, 22]) In view of the decomposition (1.1), we set L2(Rm|n) = L2(Rm)⊗∧Rn.
It is a Hilbert superspace of parity n (mod 2) with the usual Z2-grading and the superhermitian
scalar product
〈f1, f2〉 =
∫
Rm|n
dxdξ f1(x, ξ)f2(x, ξ) (2.2)
by using the Berezin integration (1.3). A fundamental symmetry is given by the analog of the
Hodge operation J(f)(x, ξ) =
∑
I ε(I, {I)fI(x)ξ{I , where ε was defined in (1.2) and {I denotes
the complement of the subset I in {1, . . . , n}. 
For any bounded operator T ∈ B(H), there exists a superadjoint T † ∈ B(H) defined by
∀x, y ∈ H : 〈T †(x), y〉 = (−1)|T ||x|〈x, T (y)〉. (2.3)
The next Definition corresponds to the standard notion of real form in [15].
Definition 2.3 ([11]) A superinvolution on a complex Z2-graded algebra A is an antilinear
map † : A→ A homogeneous of degree 0 such that
∀a, b ∈ A : (a†)† = a, (ab)† = (−1)|a||b|b†a†.
For example, B(H) is a Z2-graded algebra with a superinvolution given by the superadjoint.
A C*-superalgebra is a complex Z2-graded algebra with superinvolution, faithfully repre-
sented on a Hilbert superspace H by ρ : A → B(H) (with ρ of degree 0 and compatible with
superinvolutions), and such that A is closed for the operator norm topology of B(H) via ρ. 
This concrete definition allows directly to define the tensor product of two C*-superalgebras.
Spectral properties of C*-superalgebras are currently under study. Morphisms of C*-superalgebras
are homogeneous homomorphisms of degree 0 compatible with superinvolutions. Owing to the
beginning of this section, we can define the category of noncommutative topological super-
spaces as the dual category of C*-superalgebras.
Example 2.4 ([11]) The space L∞(Rm|n) = L∞(Rm) ⊗ ∧Rn is a supercommutative C*-
superalgebra, with usual complex conjugation f(x, ξ) :=
∑
I fI(x)ξ
I as superinvolution, rep-
resented by multiplication operators on the Hilbert superspace L2(Rm|n). The choice of J as in
Example 2.2 leads to the C*-norm ‖f‖ := ∑I ‖fI‖∞. But the involution * (attached to the scalar
product 〈−, J(−)〉) does not stabilize L∞(Rm|n) so that it is not a C*-algebra. Noncommutative
examples of C*-superalgebras will be given in Section 4. 
Symmetries of noncommutative spaces are quantum groups [23, 24]. In the present graded
context, we call the symmetries of noncommutative superspaces quantum supergroups. This
notion already exists in the literature at the algebraic level (see e.g. [24]) but in the present
program, we want to extend this notion at the topological level. Natural objects to consider
would be C*-quantum supergroups (with a C*-superalgebra structure) and it is currently under
study. A structure going in this direction is that of Fre´chet quantum supergroups.
Definition 2.5 ([12]) A Fre´chet quantum supergroup is a Z2-graded Fre´chet space with
a graded topological tensor product and a continuous homogeneous of degree 0 Hopf algebra
structure.
A representation of a Fre´chet quantum supergroup H is a Fre´chet Z2-graded H-comodule
algebra with continuous homogeneous of degree 0 coaction. 
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Example 2.6 The simplest and well-known example corresponds to the Abelian supergroup
Rm|n. It can be seen in particular as a Fre´chet quantum supergroup but commutative by
considering H = C∞(Rm|n), which is a Fre´chet-Hopf algebra for the usual pointwise product,
unit and for the usual coproduct, counit and antipode given by, for any zi ∈ Rm|n,
∆(f)(z1, z2) = f(z1 + z2), ε(f) = f(0), S(f)(z) = f(−z).
We will see noncommutative examples of Fre´chet quantum supergroups in Section 4. 
3 Application to harmonic analysis of Lie supergroups
Let us present the Heisenberg supergroup. We endow the superspace R2m|2n with an even
symplectic superform, associated to the matrix
ω =

0 1lm 0 0
−1lm 0 0 0
0 0 1lr+2s 0
0 0 0 −1lr

of size (2m+ 2n) in the canonical basis, with 2n = 2r+ 2s. the odd part of this symplectic form
corresponds to a symmetric form and one has to choose its signature (r+2s, r). The Heisenberg
supergroup is the supergroup G = R2m|2n × R1|0Z (with Z an even generator) defined as usual
by its Lie superalgebra relations
∀a, a′ ∈ R2m|2n, ∀t, t′ ∈ R1|0 : [a+ tZ, a′ + t′Z] = ω(a, a′)Z,
where [−,−] denotes the graded Lie bracket.
Proposition 3.1 ([11, 22]) Kirillov’s Orbit Method applied to the Heisenberg supergroup G
yields a Hilbert superspaceHθ := L2(Rm|r)⊗Hol(C0|s), with elements ϕ(q, ξ, ζ) =
∑
I,J ϕIJ(q)ξ
IζJ
(q ∈ Rm, ξ ∈ R0|r, ζ ∈ C0|s) and superhermitian inner product
〈ϕ,ψ〉 = (2i)s
∫
dqdξdζdζ ϕ(q, ξ, ζ)ψ(q, ξ, ζ)e
i
θ
ζζ . (3.1)
Moreover, this method also produces a representation Uθ of G on Hθ
Uθ(g)ϕ(q0, ξ0, ζ0) = e
2i
θ
(
t+( 1
2
q−q0)p+( 12 ξ−ξ0)η+ 12 ( 12 ζ−ζ0)ζ
)
ϕ(q0 − q, ξ0 − ξ, ζ0 − ζ)
for g = (q, p, ξ, η, ζ, ζ, t) ∈ G with t ∈ R, p ∈ Rm, η ∈ R0|r in the real polarization; Uθ generalizing
the usual Schro¨dinger representation (corresponding to the case r = s = 0). This representation
Uθ is superunitary, namely
∀g ∈ G, ∀ϕ,ψ ∈ Hθ : 〈Uθ(g)ϕ,Uθ(g)ψ〉 = 〈ϕ,ψ〉.
In case of positive signature r = 0, n = s, then the standard inner product (2.1) corresponds
to (3.1) for which a fundamental symmetry is given by J(ϕ) =
∑
I(−i)|I|ϕIζI . However, in case
of mixed signature r 6= 0, the standard inner product (2.1) does not correspond to (3.1) for
which any fundamental symmetry has to be more general than a multiplication by a power of
i. By using superunitarity induced by (3.1) and the notion of Hilbert superspace of Definition
2.1, one obtains an extended Stone–von Neumann theorem in any signature [22], identifying
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the superunitary dual of G with irreducible representations of the Clifford algebra. On the
contrary, the standard notion of Hilbert superspace associated to (2.1) leads to an empty dual
superunitary in mixed signature [25, Theorem 5.8], which is not satisfactory.
Theorem 3.2 ([22]) Any superunitary representation of G with fixed character e
2i
θ
t decom-
poses as an orthogonal direct sum of the irreducible superunitary representations Uθ.
So we see that this structure of Hilbert superspace is more adapted than the standard one
[15, 20] of (2.1) to the analytic point of view of unitary representations of Lie supergroups.
4 Application to non-formal deformation quantization
Contrary to the formal case extensively studied and classified in Refs. [26, 27, 28, 29, 30],
there are only few available examples of non-formal deformation quantization of Lie groups in
the smooth non-graded setting. Rieffel [31] built the deformation of Abelian Lie groups and
the associated universal deformation formula (UDF). This was also recently extended to (non-
Abelian) Ka¨hlerian Lie groups [32, 33] and to the case of SL(2,R) [34] and of SU(1, n) [35].
Star-exponentials [36, 37] associated to these deformations were computed in the non-formal
setting in [38, 39] and such deformations were linked to Hilbert algebras and multipliers in [40].
Non-formal deformation quantization was also extended to the complex case [41, 42] and to
Abelian p-adic groups [43].
Let us examine the deformation quantization of the Heisenberg supergroup G = R2m|n ×
R1|0Z. By using the superunitary representation of G from Proposition 3.1 as well as the
symmetric structure of its coadjoint orbit R2m|n, we have constructed a non-formal deformation
quantization of R2m|n invariant under the symmetry G.
Theorem 4.1 ([11]) The star-product defined by
(f1 ?θ f2)(z) =
1
pi2mθ2m−n
∫
dz1dz2 Kθ(z1, z2)f1(z + z1)f2(z + z2), (4.1)
for z = (x, ξ) ∈ R2m|n, with supergroup cocycle Kθ(z1, z2) = e−2iθ ω(z1,z2), on the space
B1(R2m|n) := {f ∈ C∞(R2m|n), ∀α ∈ N2m, sup
x∈R2m
∑
I
|∂αx fI(x)| < +∞
} ' B(R2m)⊗∧Rn,
is associative, G-invariant and satisfies the tracial property∫
dz (f1 ?θ f2)(z) =
∫
dz f1(z)f2(z).
Moreover, there is a Weyl-type quantization map Ωθ : B1(R2m|n)→ B(Hθ), compatible with the
star-product and G-equivariant, i.e.
Ωθ(f1 ?θ f2) = Ωθ(f1)Ωθ(f2), Ωθ(L
∗
g−1f) = Uθ(g)Ωθ(f)Uθ(g)
−1.
The space B1(R2m|n), endowed with the star-product, is a Fre´chet algebra isomorphic to the
tensor product of the Moyal–Weyl algebra B(R2m) and of the Clifford algebra Cl(n,C). Note
that the space B1(R2m|n) is part of a pseudodifferential calculus adapted to the superspace R2m|n
for which an oscillatory integral is also defined.
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An analogous construction was also performed [44] with a different cocycle for the Poincare´
supergroup in 2|2 dimensions, i.e. the supergroup defined by even generators H,E, F , odd
generators Γ,Ξ and Lie superalgebra relations
[H,E] = 2E, [H,F ] = −2F, [H,Γ] = Γ, [H,Ξ] = −Ξ, [Γ,Γ] = −2E, [Ξ,Ξ] = −2F.
For the Heisenberg supergroup, a universal deformation formula was also built, namely the
use of ?θ, can also deform any algebra on which the supergroup R2m|n is acting. Let us describe
it. We consider an action ρ of the supergroup R2m|n on a Fre´chet algebra (A, |·|j) satisfying the
conditions:
• ∀z1, z2 ∈ R2m|n, ρz1+z2 = ρz1ρz2 and ρ0 = id.
• ∀z ∈ R2m|n, ∀a, b ∈ A, ρz(ab) = ρz(a)ρz(b), and ρz is linear.
• By writing z = (x, ξ) ∈ R2m|n, we can expand the action as: ρ(x,ξ)(a) =
∑
I ρx(a)Iξ
I ;
∀a ∈ A, ∀I, x 7→ ρx(a)I is A-valued and continuous.
• The action is subisometric, i.e. there exists a constant C > 0 such that ∀a ∈ A, ∀I, ∀j,
∃k, ∀x ∈ R2m, |ρx(a)I |j ≤ C|a|k.
The star-product (4.1) can be directly extended to A-valued superfunctions B1A(R2m|n). Note
that this space is Fre´chet for the seminorms |f |j,α = supx∈R2m{
∑
I |∂αx fI(x)|j}. We recall that
the set of smooth vectors of A for the action ρ is defined as
A∞ = {a ∈ A, ρa := z 7→ ρz(a) is smooth on R2m|n}.
This set A∞ is dense in A, and for any a ∈ A∞, the map ρa lies in B1A∞(R2m|n), so that we can
form the star-product of ρa and ρb, for a and b smooth vectors.
Theorem 4.2 ([11]) The expression
a ?θ b := (ρ
a ?θ ρ
b)(0),
for a, b ∈ A∞, defines an associative product on A∞. If A is a C*-superalgebra and ρ is
compatible with the degree and the superinvolution, then (A∞, ?θ) can be completed to another
C*-superalgebra denoted by Aθ.
Therefore, the category of C*-superalgebras is stable by this deformation quantization, which
stresses the interest of this structure for noncommutative supergeometry. Note that if A is a C*-
algebra on which R2m|n acts, the deformation (A∞, ?θ) cannot be completed into a C*-algebra
in general. The universal deformation formula (UDF) of Theorem 4.2 is a generalization of
Drinfeld twists [45, 46] to the non-formal setting.
This UDF thus produces a large class of (deformed) noncommutative superspaces. For ex-
ample, as soon as R2m|n acts on a trivial compact supermanifold, one can deform its algebra of
continuous superfunctions to a noncommutative C*-superalgebra [11]. Noncommutative super-
tori appear as particular cases of this deformation.
Definition 4.3 ([11]) The noncommutative supertorus of dimension 2m|n and signature
(p, q) (with n = p+q) is the C*-superalgebra generated by the even elements Uj , Vj (1 ≤ j ≤ m)
and by the odd elements Γk, Ξ` (1 ≤ k ≤ p, 1 ≤ ` ≤ q) satisfying the relations
U †jUj = UjU
†
j = V
†
j Vj = VjV
†
j = 1l, Γ
†
k = Γk, Ξ
†
` = Ξ`,
UjVj = e
2ipiθVjUj , (Γk)
2 = iθ, (Ξ`)
2 = −iθ,
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the other relations being trivial. It coincides with a deformation of the usual supertorus of
dimension 2m|n, with deformation parameter θ. 
By using the UDF of Theorem 4.2, we can also construct interesting examples of Fre´chet
quantum supergroups. Inspired by [47] in the non-graded case, we consider an action pi : R1|0 →
Sp(R2m|n, ω) and G′ := R1|0 npi R2m|n. G′ is a solvable Lie supergroup.
Theorem 4.4 ([12]) The space H := C∞(R1|0)⊗ˆB1(R2m|n), endowed with the usual Hopf al-
gebra structure of G′ except for the product, which is given by the deformation
f1 ? f2(t, z) :=
1
pi2mt2m−n
∫
dz1dz2 f1(t, z + z1)f2(t, z + z2)Kt(z1, z2),
for any t ∈ R1|0 ' R and z ∈ R2m|n, is a Fre´chet quantum supergroup. An analogue of the
multiplicative unitary operator W ∈ L(H⊗ˆH) can be defined for this quantum supergroup
by
W (f1 ⊗ f2) = (∆f1) ? (1⊗ f2).
It satisfies the pentagonal equation W12W13W23 = W23W12 as well as the superunitarity condi-
tion with respect to a Hilbert superspace structure of L2(G′ ×G′).
A similar construction of Fre´chet quantum supergroup was performed [12] for connected Lie
supergroups with supertoral subgroups.
5 Application to QFT
We give here an application where a NCSG is useful to understand a renormalizable noncommu-
tative quantum field theory. Let us consider the Moyal space [48, 49] given by the deformation
quantization of R2m. It turns out that the φ?θ4 theory on the Moyal space is not renormalizable
because of a new divergence called UV-IR mixing [50], generic to noncommutative spaces [51].
The first solution of this problem was found by H. Grosse and R. Wulkenhaar by adding a
harmonic term to the standard φ?θ4 action functional
SGW [φ] =
∫ (1
2
(∂µφ)
2 +
2Ω2
θ2
x2φ2 +
M2
2
φ2 + λφ?θ4
)
dx, (5.1)
which becomes a renormalizable model (m = 1, 2) to all orders [52, 53, 54] for Ω 6= 0. This
model possesses new interesting properties concerning its vacuum configurations [55], its Connes–
Kreimer algebra [56], its symmetries [57, 58], its commutative limit [59], its beta function [60]
and finally its solvability for θ →∞ [61]. Note that there exists now another renormalizable real
scalar theory on the Moyal space [62, 63]. A gauge theory associated to (5.1) was constructed
in [64, 65]. It exhibits similar features [66, 67] and is a candidate to renormalizability. See
[68, 69, 70] for the study of the BRST symmetry.
We want to give an interpretation of the harmonic term in (5.1). It turns out that the action
(5.1) can be reformulated in terms of the commutator and anticommutator
SGW [φ] =
∫ (1
2
∣∣[ i
2
xµ, φ]?θ
∣∣2 + Ω2
2
∣∣{ i
2
xµ, φ}?θ
∣∣2 + M2
2
φ2 + λφ?θ4
)
dx.
This is a sign of a graded symmetry. Actually, this model can be interpreted in the setting of de-
formation quantization of the superspace R2m|1. We consider the natural differential calculus [7]
for this graded algebra associated to the graded derivations d ∈ {[ i2xµ,−]?θ , [ i2xµξ,−]?θ}µ∈{1,..,2m}.
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Proposition 5.1 ([6, 11]) The standard Φ?θ4 action of the deformation quantization of R2m|1,
after integration with respect to the odd variable ξ and identification of the even and odd fields
φ1(x) = bφ0(x) (b ∈ R) in Φ(x, ξ) = φ0(x) + φ1(x)ξ, gives exactly rise to the renormalizable
Grosse–Wulkenhaar action (5.1):
tr
(1
2
∑
d
|d(Φ)|2 + M
2
2
Φ2 + ΛΦ?θ4
)
= SGW [φ0]
with Ω2 = b
4θ2
16 and λ = Λ(1 +
b4θ2
16 ).
In this setting, the Langmann–Szabo duality [71] corresponds to the switch of grading and
the gauge action of [64] can be directly derived as the Yang–Mills action of the deformation of
R2m|1 with differential calculus associated to the graded derivations d.
This shows that the NCSG of the deformation of R2m|1 is likely to be related to the renormal-
izability of the noncommutative quantum field theory (5.1). This interpretation could be useful
to obtain renormalizable quantum field theories on other noncommutative spaces.
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